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Abstract. We study the difference between weak Morrey quasiconvexity and strong 
Morrey quasiconvexity in L°° . We point out some relations as well as give one example to 
show that weak Morrey quasiconvexity cannot imply strong Morrey quasiconvexity. 

1. Introduction 

In this short note, we try to understand about Morrey quasiconvexity in some L°° vari- 
ational problems. It is still an important question to characterize all sort of notions about 
quasiconvexity and to point out useful examples in applications. 

In [HI, Barron, Jensen and Wang introduce the notion of strong Morrey quasiconvexity, 
which is the necessary and sufficient condition for the existence of solution of L°° varia- 
tional problem. They also introduce the notion of weak Morrey quasiconvexity, which is 
the analog of the usual Morrey quasiconvexity in W^-p. It is known that in the scalar case 
(more precise statement will be introduced in the below section), those two definitions are 
equivalent. However, for the vector case, they don't know whether those two definitions 
are equivalent or not. 

I show that in the vector case, those two definitions are not equivalent as in the below 
section. In fact, the example I introduce is quite simple and may not have any real applica- 
tion, but it indeed gives what we need. I would like to thank Hoang Tran for reading this 
note and giving useful suggestions. More on quasiconvexity and PDE can be found in the 
very nice book of Evans [2J . 

2. Main results 

Throughout this note, Q will be denoted by the unit cube in the space M" . 
In [[11, Barron, Jensen and Wang give the definitions of Morrey quasiconvexity as following 

Definition 2.1. A measurable function f : M'™ M is said to be (strong) Morrey quasi- 
convex, if for any £ > 0, for any A E M""\ and any K> 0, there exists a 5 = 5 (e.K.A) > 
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such that if(pe W^'°°{Q,W") satisfies 

\\D(p\\l^ < K, max |(p(x)| < 5, 

x^dQ 

then 

f{A) < ess sup^^Qf{A + D(p{x))+e. 

Definition 2.2. A measurable function f : M"'" —>■ R is said to be weak Morrey quasiconvex, 
or (0,0) Morrey quasiconvex, if for any A E and (p G Wq'°°{Q,W") we have 

/(A) < ess sup^^Qf{A + D(p{x)). 

It is obvious that strong Morrey quasiconvexity implies weak Morrey quasiconvexity. 

Definition 2.3. A measurable function f : M'™ M is said to be quasiconvex if for any 
s eM, we have f^^{{—oo^s]) is convex. 

For the case either n = 1 or m = 1, Barron, Jensen and Wang prove the following theo- 
rem 

Theorem 2.4. If either n = \orm=\ and f is lower semicontinuous, then the following 
notions are equivalent: 

( i) f is quasiconvex. 

( ii) f is polyquasiconvex. 

(Hi) f is (strong) Morrey quasiconvex. 
(iv) f is weak Morrey quasiconvex. 

Remark 2.5. Here is one example of quasiconvex function when either n = \ or m= \. 
In M}, take two arbitrary point A and B and denote by AB the line segment between them. 
We define the function f such that f(x) = Ofor x G AB and f{x) = 1 otherwise. 
It's easy to see that f is lower semicontinuous and f is quasiconvex. Hence f is also 
strong, weak Morrey quasiconvex. 

It's still an open question that whether Morrey quasiconvexity and weak quasiconvexity 
are equivalent for m, n > 1. In , Barron [IJ, Jensen and Wang give the following conjecture: 

Conjecture 2.6. For the case m,n > 1 and f is lower semicontinuous, strong Morrey 
quasiconvexity and weak Morrey quasiconvexity are not equivalent. 

Now, we prove this conjecture by point out one example of the function that is weak but 
not strong Morrey quasiconvex. 
We consider for the case m = n = 2. 

Let ei , e2, £3, 64 be the basis of R"^ as normal. We denote by M, A'^, R the three points in 
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as following M = ( 1 , 0, 0, 0) , = (0, 0, 1 , 0) and = ( 1 , 0, 1 , 0) and OM, ON, MR, NR 
be the four line segments. 

Let S be the square OMRN (S = OMUONUMRU NR). 

Let / : R"^ M such that f{x) = for x G 5 and f{x) = 1 otherwise. 

Firstly, it's easy to see that / is lower semicontinuous and / is not quasiconvex since 

{x\f{x) < 1/2} is not convex. 

We will prove that / is weak Morrey quasiconvex. 

To make things clear, we have several rules of writing as foUowings: 

For P G M"^, we write P = [Pi, Pi) for Pi, Pie R^. 

For (p G W^o'°°(e,R2) we write (p = ((pi, (pj) for (pi, (pi G Wq'^{Q,R). 

We need to prove: 

f{P)< ess sup^^Qf{P + D(p{x)). 
or by writing in the new way: 

(2.1) fiPuPi) < ess sup,£g/(/'i +D(pi{x),P2 + D(p2{x)). 

Let's consider two cases: 

Case 1 If either Pi ^ OM or P2 ^ ON. WLOG, we may assume that Pi ^ OM. 
Consider ^ : ^ M such that g{x) = for ;c G OM and g{x) = 1 otherwise. As we already 
note in Remark [231 g is weak Morrey quasiconvex. Hence, 

(2.2) l^g{Pi)< ess snp^^QgiPi + D(pi {x) ) . 

So, we get the set {x G Q\P\ +D(pi(x) ^ OM} has positive Lebesgue measure or \{x e 
Q\Pi+D(pi{x) ^ 0M} \ > 0. Furthermore, we have: 

(2.3) {x G Q\Px +D(pi{x) ^ OM} C {x E Q\f{P + D(p{x)) = 1}. 
Therefore, we get: 

(2.4) \{xeQ\nP + Dcp{x)) = l}\>0. 
So, 

ess sup^^Qf{P + D(p{x)) = 1 > /(P), 

we get the result. 

Case 2 If both Pi G OM and P2 G ON. If 9 = then we obviously get the result. Hence, 
assume that (p j^O. WLOG, we may assume (pi 7^ 0. We will prove the similar result as 
above: 

\{xeQ\Pi+D(pi{x)^OM}\>0, 

and then get the result. 

Suppose not, then Pi +D(pi (x) G OM a.e. This implies = a.e. 

0x2 

Since (pi\dQ = 0, we then get (pi =0 a.e., which is absurd. 
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Lastly, we will prove that / is not strong Morrey quasiconvex. 
Take the point P = (1/2, 0, 1/2, 0) G M^. Notice that f{P) = 1. 
Let : M — > M be the periodic "zig-zag" function defined by 

r t if0<?<l/2 

(t>it) = \ 7 ~ 

\l-t ifl/2<?<l, 

and 1) = 0(0 for? G M. 

£ Xi 

For any e > 0, we then define (pi (x) — ^{x) = — ). 

dq)i d(p2 ,^91, ,<^92, 1 

Note that we have: — = — = and — — -r — — - a.e. 

OX2 OX2 OX\ OX\ 2 

Hence P+D^ e S a.e. Therefore, ess sup^gg/(P+D<p(x)) = 0. 
We get / is not strong Morrey quasiconvex. 

Remark 2.7. This example is sort of trivial. The function f is equal to 1 a.e. However, 
it's indeed the example to show that the two notions are not equivalent. I don't know if f 
makes any sense in applications. I think it is quite important to warn that in this problem, 
f is required to be uniquely defined at each point. Or more clearly, f cannot be defined 
just almost everywhere or f cannot be defined in such class ofL°° or other similar classes. 
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